This paper presents a new algorithm for torus/torus intersection. The pre-image of the intersection in the parametric space of one torus is represented by an implicit equation. The pre-image is divided into one-valued function curve segments by characteristic points. The topological feature of these characteristic points is analyzed to obtain the structure of the pre-image. Intersection curves satisfying required precision are found by a self-adaptive refinement method. Experiment results are presented to illustrate the stability and efficiency of the method.
INTRODUCTION
Surface/surface intersection is a fundamental problem in CAD/CAM applications, such as trimming and Boolean operations [13] . The torus is one of the CSG primitives in solid modeling systems [8] and has several important applications, such as producing rounds and fillets for objects with sharp edges and the shape of cutter heads of numerically controlled machine tools [12] . We often need to compute the intersection curves of two tori in CAD/CAM systems.
General intersection problems are analyzed in [10] . Tracing methods [1-4, 16, 17] are widely used in computing the intersection curves. They can efficiently generate sequences of points of an intersection curve branch by stepping from a given point on the required curve in a direction prescribed by the local differential geometry. However, such methods require starting points for every branch of the solution and it is not a trivial problem when small loops exist.
Step size selection is also complex and too large a step size may lead to straying or looping [10] .
Lattice methods [9, 10, 13] reduce the dimensionality of surface/surface intersection by computing intersections of a number of iso-parametric curves of one surface with the other surface followed by connection of the resulting discrete points to form intersection curves. This method avoids solving a large number of uncertain non-linear equations, but it is difficult to find out the intersection curves of all small loops and singular points. 2  2  2  1  1  1  0  1  1  0  2  2  2  1  1  1  0  1  1  0  2  2  2 2  1  1  1  0  2  2 ( , ) 4(( ( ( )) ( ) ( ) ) (( ( )) ( ) ) ) 
It is the pre-image of the intersections in the parametric space of T and the iso-parametric circles of 1 T , which is also a problem with closed-form solutions.
Characteristic Points of the Pre-image Curves
The structure of pre-image ( , ) 0 F u v  can be determined by finding the following characteristic points [6, 10] . 
, left boundary points and right boundary points always come in pairs.
As illustrated in Fig. 1 , points 1 and 12, 2 and 13 are two pairs of left-right boundary points.
Similarly top boundary points and bottom boundary points always come in pairs, such as the points 5 and 6, 10 and 11 in Fig. 1 . 2. Turning points: The u-tuning points are the points where the tangent of ( , ) 0 F u v  is parallel to the 0 u  axis, which satisfies
Similarly, the v-turning points also exist, but it is not necessary to consider it in this paper. So turning points is short for u-turning point in this paper. Eqns. (2.3) and (2.4) form a system of two trigonometric equations in two unknowns. By means of tangent half-angle formula, it can be transformed into a polynomial system of two equations in two variables and each variable has a degree less than 4. Solving this polynomial system by Interval Projected Polyhedron algorithm [10, 14] or other numerical methods [5, 11] , we obtain all the points satisfy ( , ) 0 Supposing that the tangent of the curve ( , ) 0 
Prove:
1. Removing all the characteristic points of : ( , ) 0
. The self-intersection point must be singular points, contradict with the fact that all characteristic points have been removed. Therefore,
Similarly,
Because all points satisfying 0 If the number of roots does not change, they have the following two types of topological features.  The characteristic point is the starting point of a curve segments and is also the end point of another curve segment. We call it "single starting&end point (SSEP)". 
The characteristic point is the starting point of two curve segments and is also the end point of two other curve segments. We call it "double starting&end point (DSEP)". As illustrated in Fig.  1 , the point 9 is a DSEP.
Topological Features of Characteristic Points
Let us consider the topological features of four kinds of simple characteristic points at first. 1. Left-right boundary points. As illustrated in Fig. 2 -a, they come in pairs and the left boundary point is a SSP and the right boundary point is a SEP. 2. Top-bottom boundary points. They come in pairs, and we calculate their slope according to Eqn.
(2.6) firstly. If the slope is negative, the top boundary point is a SSP and the bottom boundary point is a SEP, as illustrated in Fig. 2-b . If the slope is positive, the top boundary point is a SEP and the bottom boundary point is a SSP, as show in Fig. 2-c . The cases that the slope equals zero or   will be discussed in Sect 2.4. 3. Turning points. Compute the second order derivative:
If the derivative is positive, the open side of G there is directed to right, as illustrated in Fig. 2-d The cases that the slope equals zero or   will be discussed in Sect 2.4. 3. Left-right boundary point + top-bottom boundary point. It is a normal corner point and the slope can be calculated by Eqn. (2) (3) (4) (5) (6) . If the slope is negative, the curve segment is at second and fourth quartiles, as illustrated in Fig. 2 -l, and a SSP and a SEP are set at the left-top and right-bottom corners, respectively. If the slope is positive, the curve segment is at first and third quartiles, as illustrated in Fig. 2 -m, and a SSP and a SEP are set at the left-bottom and right-top corners, respectively. The cases that the slope equals zero will be discussed in Sect 2.4. Fig. 2 -p, and two SSPs are set at the top and bottom boundaries, respectively. If the derivative is negative, the open side of G is directed to left there, as illustrated in Fig. 2 -q, and two SEPs are set at the top and bottom boundaries, respectively. The cases that the derivative equals zero will be discussed in Sect 2.4. 6. Left-right boundary point + branch point. As illustrated in Fig. 2-r , a DSP and a DEP are set at the left boundary and the right boundary, respectively. 7. Top-bottom boundary point + branch point. Solve the slopes The cases that the slopes equal zero or   will be discussed in Sect 2.4.
Deal with Degeneration by Method of Perturbation
In previous section, the topological features of characteristics points are often determined by the signs of slopes and second order derivatives. However, if these values vanish, such differential method will fail. Moreover, the topological features of cusps are not determined by the differential method. [7] proposed method of perturbation dealing with the degeneration of topology resolution of [6] .
Perturbation methods are applied in this paper as follows. In this section,  is a small perturbation value. 
Construct the Pre-image Curves
After obtaining all the characteristic points and their topological features, we sorted them ascending by the u coordinates (if the u coordinates equal, sort them by v coordinates). Suppose that the sorted characteristic points are ( , ), 1,..., 5. Initialize and empty a list S of the pre-image curve segments, which need to be refined.
6. Take out the first characteristic point P from A . Let i be its VSN.
7. If P is a SEP or a SSEP, take out the i th curve segment B fromC , push P into B , push B into R , record the last segment of B in S .
8. If P is a DEP or a DSEP, take out the i th and ( 1) i  th curve segments 14.
Output R The refinement of the pre-image curve segments will be introduced in Sect.3.
REFINE THE INTERSECTION CURVES
After getting the structure of the intersection curves, in order to ensure that the error of the intersections we get is less than a prescribed precision, we apply self-adapting method to refine the intersection curves.
Suppose that the 3-D line segment AB is a segment of the intersection curve we get and the point A and the point B are exactly on the real intersection curves, and their parameters in the parametric space of the torus The exact error of the intersection curve segment is the Hausdorff distance between AB and  AB , but it is expensive to compute the Hausdorff distance. In this paper, we propose a method to estimate an approximate error. Firstly, solve the equation 
5
Output the intersection curve segments refined.
EXPERIMENTAL RESULTS
The algorithm described in previous sections has been implemented with VC++ 2005, and the data in this paper are obtained using a personal computer with E5300 2.6G CPU and 3G memory. For comparisons, we also implement the tracing method which tracing the intersection curves with a fixed advance step 0.1 after the structure of them has been determined by the topology resolution. Lots of experiment data show that our algorithm can robustly process the tangent intersection and the case that straying or loop missing may take place when applying the tracing method. The points obtained by analytic method are exactly on the real intersections, and the precision of the entire intersection curve is controllable. When the precision is improved by one order of magnitude, the number of points is up about two times. The execute time is nearly in proportion to the number of points. When the precision is set to be 0.001, it takes only several milliseconds to produce enough dense points on the intersection curves to satisfy the demand of normal Boolean operation in geometric modeling. From the data of Tab.1, the tracing method seems slightly faster than our method. From the algorithm 2 we can see that half of the intersection points computed in step 3.2 are discarded because the required precision has already been satisfied. It is the price we pay for the controllable precision. As a matter of fact, the average time on computing one intersection point by our method is much less than that by the tracing method because the analytic method is faster than the numerical method when solving an equation. Tab.1: Experimental data of the torus/torus intersection in Fig. 4 . (ET = Execute Times in milliseconds, NP=Numbers of the Points on the intersection curves).
CONCLUSION
Topology resolution has been developed to solve the torus/torus intersection problem. After the structure of the intersection curves has been determined, the self-adapting refinement method is applied to obtain the intersection curves with controllable precision. Compared with the tracing method, our algorithm has the following advantages. 1) Our algorithm can overcome the drawbacks of straying and loop missing of the tracing method.
2) The points on the intersection curves obtained by our algorithm are computed by the analytic method, whose precision is higher than the points obtained by iteration when using the tracing method.
3) The tracing method can only control the precision roughly by estimating the advance step, while our method can control the precision accurately.
